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Abstract. Let G be a complex, connected, reductive algebraic group. In this paper we 
show analogues of the computations by Borho and MacPherson of the invariants and anti- 
invariants of the cohomology of the Springer fibres of the cone of nilpotent elements, A/", of 
Lic(G) for the Steinberg variety Z of triples. 

Using a general specialization argument we show that for a parabolic subgroup Wp x Wq 
of W x W the space of Wp x lUg-invariants and the space of Wp x Wg-anti-invariants 
of H^ n (Z) are isomorphic to the top Borel-Moore homology groups of certain generalized 
Steinberg varieties introduced in [5] . 

The rational group algebra of the Weyl group W of G is isomorphic to the opposite of 
the top Borel-Moore homology H^ n (Z) of Z, where 2n — dim Af. Suppose Wp x Wq is a 
parabolic subgroup of W x W. We show that the space of Wp x Wg-invariants of Hi n (Z) 
is egQIUep, where ep is the idempotent in the group algebra of Wp affording the trivial 
representation of Wp and eg is defined similarly. We also show that the space of Wp x Wq- 
anti-invariants of H^ n {Z) is egQIUep, where ep is the idempotent in the group algebra of 
Wp affording the sign representation of Wp and eg is defined similarly. 

1. Introduction 

Suppose G is a complex, reductive algebraic group and B is the variety of Borel subgroups 
of G. Then B is a smooth, projective variety. Let T be a maximal torus in G and choose 
a Borel subgroup, B, of G containing T. Let W = N G (T)/T be the Weyl group of (G,T). 
Then W acts on G/T on the right, the natural projection G/T — > G/B has the structure of 
a vector bundle, and the varieties G/B and B are isomorphic. Thus, W acts on the singular 
cohomology with rational coefficients of B via the isomorphisms H'(B) = H'(G/B) = 
H'{G/T). 

Now suppose P is a parabolic subgroup of G containing B and V is the variety of G- 
conjugates of P. Then V is again a smooth, projective variety and it is a classical result 
that H*(V) is isomorphic to the space of PUp-invariants in H'(B) where Wp = Np(T)/T is 
the Weyl group of (P,T) (see [9]). 

Borho and MacPherson have generalized this result to fixed point subvarieties of B as 
follows. Let g be the Lie algebra of G and M the cone of nilpotent elements in g. There is 
a moment map, fiQ : T*B — > A/", where T*B is the cotangent bundle of B. For x in J\f, set 
B x = /i _1 (x). The variety B x may be identified with the variety of all Borel subgroups of 
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G, whose Lie algebra contains x. The varieties B x vary from a point, when x is regular, to 
£>, when x — 0. The moment map factors as /i = r] o £ where ^(x) may be identified 
with the variety, V x , of all subgroups in V whose Lie algebra contains x. There is also a 
moment map, /iff from the cotangent bundle of V to Af, and {ji^)~ l {x) may be identified 
with the variety of all subgroups in V whose Lie algebras contain x in their nilradical. Set 

Springer [17] has defined an action of W on H*(B X ) and Borho and MacPherson [3] have 
shown that if W acts on H*(B X ) by the tensor product of Springer's action with the sign 
representation, then: 

(1.1) H'(V X ) is isomorphic to the space of H^p-invariants in H'(B X ). 

(1.2) H'(V X ) is isomorphic to the subspace of H'(B X ) on which Wp acts as the sign rep- 
resentation. 

In a different direction, the Steinberg variety of G is the fibred product T*B x j^T*B which 
may be identified with the closed subvariety 

Z = { (x, B', B") eAf x B x B\x e Lie(B') n Lie(B") } 

of Af x B x B. Kazhdan and Lusztig [12] have defined an action of W x W, on H,(Z), the 
rational, Borel-Moore homology of Z, and they showed that the representation of W x W 
on the top-dimensional homology group of Z, H in (Z), where n = dim£>, is equivalent to the 
two-sided regular representation of W. 

Tanisaki [19] and, more recently, Chriss and Ginzburg [4] have strengthened the connection 
between H,(Z) and W by defining a Q-algebra structure on H.(Z) so that H^Z) ■ Hj(Z) C 
Hi + j_4 n (Z) and H^ n (Z) op is isomorphic to the group algebra QW. 

In this paper we prove analogs of (1.1) and (1.2) for the Steinberg variety. 

Suppose Q is a parabolic subgroup of G containing B (a special case is when Q = P), 
Wq is the Weyl group of (Q,T), and Q is the conjugacy class of parabolic subgroups that 
contains Q. In [5] we defined generalized Steinberg varieties 

X V ' Q = { (x, P', Q') e Af x V x Q | x e Lie(P') n Lie(Q') } 

and 

Y V ' Q = {(x, P', Q') e AT x V x Q | x e Ue{Up>) n Ue(U Q ,) } 

where Up/ and Uqi are the unipotent radicals of P' and Q' respectively. It was shown 
in [5] that X V ' Q is purely 2n-dimensional and Y P ' Q is purely (2n — /)- dimensional where 
/ = dimP/5 + dimg/.B. 

The first analogs of (1.1) and (1.2) are: 

(1.1') H^ n {X v '^) is isomorphic to the space of Wp x VFQ-invariants in H± n (Zi). 
(1.2') H in _2f(X v ' Q ) is isomorphic to the subspace of H^ n [Z) on which Wp x Wq acts as 
the sign representation. 

We prove both of these statements in this paper. 

More generally we consider the following statements: 

(1.1") H,(X V ' Q ) is isomorphic to the space of Wp x WQ-invariants in H,(Z). 
(1.2") H,(Y V ' Q ) is isomorphic to the subspace of H,(Z) on which W P x Wq acts as the sign 
representation. 
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In §3 we prove a general specialization result, in the spirit of [3], which has (1.1") as a 
special case. Obviously (1.1') follows immediately from (1.1"). It seems likely that (1.2") is 
true, but our proof of (1.2') uses dimension computations from [5] that are not available for 
Hi(Y v > Q ) for % < An - 2f. 

In §4 we prove a general equivariance result in the spirit of [4]. A special case of this result 
is that there is a W x W^-equivariant isomorphism 

Ext#- »o)!Qt*s, RMiQt-b) — H.(Z)°v. 

Borho and MacPherson [2] have shown that the Q-algebras QW and End^-R^o^QT-e) are 
isomorphic and Chriss and Ginzburg [4, §8.6] have shown that 

Ext#-" (R(ho)i®t*b,RM>®t*b) = H.(Z)°v. 
Thus, taking • = 4n we get W x lU-equivariant, Q-algebra isomorphisms 

where W x W acts on QW by (w, w') ■ v = w'vw' 1 for w and w' in W and v in QW. 

Using the isomorphism between QW and H4 n (Z) op we may formulate (1.1') and (1.2') in 
terms of the group algebra of W: 

(1.1'") If ep is the primitive idempotent in QWp corresponding to the trivial representation 
of Wp and eg is defined similarly, then H± n (X v > Q ) is isomorphic to the subspace 
e Q QWe P of QW. 

(1.2'") If ep is the primitive idempotent in QWp corresponding to the sign representation 
of Wp and eg is defined similarly, then H± n _ 2 f(Y V,Q ) is isomorphic to the subspace 
e Q QWe P of QW. 

In [5] we defined generalized Steinberg varieties X^ d Q . Statements (1.1'") and (1.2'") 
together with computations in some special cases suggest that the Borel-Moore homology of 
a general X c ' d is given as follows. 

A generalized Steinberg variety, X^ Q , depends on a pair of nilpotent adjoint orbits in 
Lie(P/Up) and Lie(Q /Uq) respectively. We will not recall the precise definition here but 
instead refer the interested reader to [5] . In turn, these nilpotent orbits determine irreducible 
representations of Wp and Wq, say p c and p d respectively, corresponding to the trivial 
representation of the component groups of the orbits via the Springer correspondence as 
defined in [2]. Let e c and denote primitive idempotents in QWp and QWq affording p c 
and pd respectively. In [5, Corollary 2.6] we have given a sharp upper bound, for the 

dimension of X c d . We conjecture that 

• H 2S v,a(X^ d Q ) is isomorphic to edQWe c . 

c,d ' 

More generally, we conjecture that 

• H,(X^ d Q ) is isomorphic to edH,(Z)e c where we consider e c and e d in H,(Z) via the 
isomorphism QW = H in (Z) op . 

In much of this paper (§2 - §4 and the Appendix) we are concerned with general sheaf 
theory. Most of our conclusions about the Borel-Moore homology of generalized Steinberg 
varieties are straightforward applications of more general results. The main theorems, which 
are described briefly below, are the specialization results, Theorem 3.1.2 and Corollary 3.5.2, 
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and the equivariance results discussed in §4.1. We hope these general results will have 
applications outside the realm of generalized Steinberg varieties. 

Our computation of the Borel-Moore homology of X V,Q and Y V ' Q is given in §5. Although 
the results depend on facts proved in §3 and §4, this section may be read independently of 
the other sections. 

The rest of this paper is organized as follows. 

In §2 we fix notation and collect some sheaf-theoretic results that are used in subsequent 
sections for which we could not find a suitable reference. 

In §3 we give an axiomatic approach to a specialization result which allows us to identify a 
direct image map in Borel-Moore homology with the averaging map for a group action. The 
basic idea goes back to Lusztig [14] and Borho-MacPherson [3]. A result which is similar in 
spirit, but which is in a sense dual to our result, and does not apply to Borel-Moore homology, 
has been used by Spaltenstein in [16]. Statement (1.1") is a straightforward consequence of 
the main result in this section, Theorem 3.1.2. 

In §4 we continue the axiomatic approach from §3 and prove an equivariance result for 
two-sided group actions that is key for our application to generalized Steinberg varieties. 
The crucial result is Theorem 4.4.1 which when applied to the Steinberg variety implies that 
there is a W x VF-equivariant isomorphism between Ext^~* (R(fx )\Q T *B, Ri^'Q^s) and 
H,(Z). This result is similar in spirit to the results in [4, §8.6]. 

In §5 we specialize the results in the previous sections to the case of generalized Steinberg 
varieties and prove (1.1"), (1.2'), (1.1'"), and (1.2'"). 

In the Appendix, we prove two results about the natural transformation — > £ ! [2Z] for a 
morphism £ : X — > Y, where / = dimF — dimX. These results are needed in the proof of 
Theorem 4.4.1. 

For simplicity, in this paper we have chosen to work with complex algebraic groups and 
Borel-Moore homology, but our arguments are essentially categorical and make sense in the 
setting of algebraic groups over arbitrary algebraically closed fields and /-adic cohomology. 

2. Preliminaries 

2.1. First, we fix some assumptions and notation that will be used throughout the rest 
of this paper. The reader is urged to skim this section quickly to become familiar with the 
notation and refer back to the results used in the sequel when necessary. The main references 
for sheaf-theoretic notation and results used in this paper are the article [1] by Borel (with 
the collaboration of N. Spaltenstein) and the book [11] by Kashiwara and Shapira. 

The topological spaces we consider are complex algebraic varieties endowed with their 
Euclidean topologies, although many arguments apply as well to pseudomanifolds as defined 
in [8, §1.1]. " 

The "dimension" of a space always means its dimension as a complex algebraic variety. 

If X is a variety, then D(X) denotes the derived category of the category of sheaves of 
Q- vector spaces on X, D b (X) denotes the full subcategory of D(X) consisting of complexes 
with bounded cohomology, and D b (X) denotes the full subcategory of D b (X) consisting of 
complexes with constructible cohomology. 

For complexes A and B in D(X), Ext j (A,B) is defined to be H j (REom(A, B)) and it is 
shown in [1, §5.17] that Ext j (A,B) = Rom D{x) (A, B[j]). Define 

Ext ] x (A,B) = Hom D(X )(A,B\j]). 
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Since D b c (X) is a full subcategory of D(X), if A and B are complexes in D b c (X), then 
Hom D 6( X )(^4, -B) = Hom D (x)(^4, B). To simplify the notation, we denote both of these spaces 

L 

by Homx(A B). Also, we denote the complex A® B simply by A (g) 5. 

The constant sheaf on X, considered as a complex concentrated in degree 0, is denoted 
by Qx an d the dualizing complex of X is denoted by Dx- 

If A is a complex of sheaves of Q-vector spaces on X, then A v = RHom(A,JB>x) denotes 
the Verdier dual of A. There is a canonical isomorphism between Ox and we denote by 
dcx, so 

dcx : Dx Q x ■ 

If/: A — > B is a morphism in D(X), and C is a complex in D(X), then / induces natural 
morphisms in D(X), 

P : RHom(B, C) >■ RHom(A, C) and f t : RHom(C, A) ^ RHom(C, B). 

In the special case when C = B x , we have RHom(A, C) = A y and RHom(B, C) = B y . We 
usually write f v instead of /" in this case, so f v :B v ^ A v is the Verdier dual of /. 
Similarly, / induces natural linear transformations 

P : Ext^ (B, C) Ext x (A, C) and f t : Ext x (C, A) Ext^ (C, B) . 

The j th Borel-Moore homology group of a locally compact, Hausdorff topological space, 
X, has several equivalent definitions (see [4, §2.6]). In this paper we use the canonical 
isomorphisms, 

H-*(X,B X ) = H-\X,RHom(QxM) = Ext x \Q x ,B x ) 

where H~i(X, Dx) is the hypercohomology of X with coefficients in Dx and we define the 
jth Borel-Moore homology group of X by 

Hj(X) = Ext x J (Qx,Dx). 

2.2. Now suppose that £ : X — > F is a morphism of varieties. Then £ determines natural 
isomorphisms 

f : RTCom(R^\A, B) -=+ R^RHom(A, £B) 

and 

nat f : gRHom(B, C) -=+ RHom(£*B, £C) 

for A in £>(X) and 5 and C in D(y). 
There are canonical isomorphisms, 

« 5 : CQy Qx and & : D x £ ! D y 

in the category of sheaves on X and D b c (X) respectively. It is straightforward to check that 
a£ and (3% have the following properties: 

(2.2.1) The maps D x -> £ ! D y and (/%) fl : RHom{CQ Y , Dx) — ► RHom{CQ Y , £ ! Dy) 
are related by (/3^)jj o cc^ o dcx = natg o £ ! (dc y ) o where dcx and dcy are as in §2.1. 
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(2.2.2) If r\: Y — > Z is another morphism of varieties, then = o £*(a v ) and (5^ = 

2.3. Let 5: X — > X x X be the diagonal embedding and let p and q denote the projections 
of X x X on the first and second factors respectively. In [1, Theorem 10.25] it is shown that 
there is a natural isomorphism, 

A : A v M B RHom(p*A, q l B) 

in D b c (X x X). It follows that nat«5 o 5 l (\) is a natural isomorphism between 5 ! (A V M B) and 
RHom{A,B). 

Proposition 2.3.1. Suppose A and B are in D b c {X), u: A — > A is an endomorphism of A, 
and v: B — > B is an endomorphism of B. Then the diagram 

A V B5 — A y MB 



x 



A 



RHom(p*A, q-B) — RHom(p*A, q ] B) 



commutes. 



Proof. By definition A y M B = p*RHom(A, B x ) ® q*B and w v B v = p*(u^) ® q*v. 

In the special case when A is the constant sheaf, the isomorphism A may be identified 
with a natural isomorphism A': p*B>x <8> Q*B — > q B as in [1, ^[10.24]. Then for an arbitrary 
A, the isomorphism A is defined as the composition AJ o h 2 o h 1 , where h 1 and h 2 are the 
natural maps 

hi : p*RHom(A, B x ) <g> q*B RHom(p*A, p*B x ) <8> q*B 

and 

/i 2 : i2Wom(pM,p*D x ) ® q*B KH<rni(p*A,p*® x <g> 

It is straightforward to check that 

and 

h 2 o ({p*u) 9 ) (g) = ((p* o (id ® q*v) i ) o h 2 . 
Moreover, it follows from the naturality of A' that 

AJ o ((p*«)« o (id ® = ((p*u)» o (g ! t;) a ) o Ajj. 

Therefore A o (w v IE v) = {{p*uf o (g ! w)o) o A, as desired. □ 
Corollary 2.3.2. £/ie preceding notation, the diagram 

sUu v mv) 

$ (A v ® B) 5 ! (A v B B) 



nat^o<5 ! (A) 



nat^o<5 ! (A) 



RHom(A, B) RHom(A, B) 

u'ov$ 



commutes. 
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Proof. We have just seen that A o (w v M v ) = ((p*tt)" o (q l v )$) o A, so 

<5 ! (A) o 5\u v Mv) = 5- {{p*uf o (q- v ) t ) o 5\\). 
It is straightforward to check that 

nats o S l ((p*uy o (q l v = o (5 l q'v)$) o nat«5 = (it" o v$) o nais 

so 

nat<5 o 5 ! (A) o 5 ! (-u v M v) = nat,5 o <5 ! o (g ! v)fj) o 8\\) = {y} o i^) o nat^ o 5 ! (A). 

This proves the corollary. □ 

It is shown in [11, §2.6] that for A, B, and C in D(X) there is a natural isomorphism 
Honix(C <S> A,B) = Homx(C, KHom(A, B)). It follows that there is an isomorphism of 
graded vector spaces Ext^(C <g> A, B) = Ext' x (C, RHom(A, B)). Taking C = Q x and using 
the canonical isomorphism Qx <8> A = A we get a natural isomorphism of graded vector 
spaces 

can: Ext x (A, B) Ext^(Q x , RHom(A, B)). 
The next proposition follows from the naturality of can. 

Proposition 2.3.3. Suppose A and B are in D(X), u: A — > A is an endomorphism of A, 
and v: B — > B is an endomorphism of B. Then the diagram 

Ext' x (A, B) — — - Ext^(Q x , RHom(A, B)) 

(it"ot;|j)j 

Ext£(A, B) Ext^(Q x , RHom(A, B)) 

commutes. 

2.4. As in §2.2, £: X — > Y is a morphism of varieties. The functors and R£* form an 
adjoint pair. We denote by 

% Hom x (CB,A)-=+Kom Y (B,RZ*A) 

the adjunction mapping for A in D(X) and B in D(Y) and by x^ the unit of the adjunction. 
Although is a natural transformation, Xb '■ B ~ * R£,*£,*B, in order to simplify the notation 
we omit the subscript and just write x^ instead of Xb- The appropriate subscript is always 
uniquely determined by the context and so this should cause no confusion. 
Similarly, the functors R£\ and £ ! form an adjoint pair. We denote by 

$ 5 : Rom Y (R£\A, B) Hom x (A, ^B) 

the adjunction mapping and by the counit of the adjunction. 

We need the following identities for morphisms /: R£,\A — > B and k: B — > B' in D(Y) 
and g: A -> £ ! 5 and /*: A' -> A in D(X) (see [13, IV.l]): 

(2.4.1) e* = <$>-\id) $-\g) = S o Rt,{g) 

(2.4.2) $s(f o ^(fc)) = ^(/) o h o /) = £ik) o ^(/) 

(2.4.3) $-1(3 o fc) = o ^.(fc) ^'(fc) o g) = ko $-\g) 
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Verdier duality defines contravariant automorphisms of the subcategories D b (X) and 
D b (Y) of D(X) and D(Y) respectively. In these subcategories we can use standard identities 
for Verdier duality in [1, §10] to express and in terms of ^ and x^ as follows. 

Suppose A is in D b (X), B is in D b (Y), and / is in Rom Y (R£\A, B). Then ^ 1 (/ v ) v is in 
Homx(A £'B). Clearly, / i— > \l/^ 1 (/ v ) v is natural in A and B and so we may define by 

*€(/) = tffOT- 

Similarly taking the Verdier dual of Xb- b ~> R£*C B we get (xb) '■ R^B y -> B w 
and we conclude that (xb^J = e B y - 
2.5. Next, consider a cartesian square 

(2.5.1) V — X 

v ? 

where £ and r\ are proper morphisms. Then \l/~ 1 (_R^(x 1 )) : j*R£,* — > -R^*«* is a natural 
equivalence of functors from -D(X) to -D(V). Restricting to ^(X) and -Dc(^) anc ^ taking 
the Verdier dual we conclude that \l/~ 1 (i?^*(x i )) v : Rrj\r — > j ! -R^! is a natural equivalence. It 
follows from the discussion in §2.4 above that 

*j 1 (^(x i )) v = ((^*(x i )) v ) = (m(xT)) = *j (mw) ■ 

Define 

be,,* : j ! o ity, o r by bc^ = (R^))' 1 . 

Then bc^j is a natural equivalence and bc~j = $, (i?^(e*)). 

Lemma 2.5.2. Suppose that in diagram (2.5.1) the maps i and j are open embeddings. 
Then, for A in D b c {X) and B in D b {Y), the diagram 

rOjT 1 ) , nat,- 

j R£\RHom(A, £ l B) >- j 1 RTiom(R£\A, B) -*■ RHom(j* R&A, f B) 



be 



(be- 1 )" 



Rr]\i l RHom(A, £ ] B) Rrji{nat y Rr]\RHom(i*A,rgB) RHom(Rq\v A, j B) 
commutes in D b (Y'), where be = bc^j. 

Proof. Since % and j are open embeddings, we have v = i* and y = j*, so the statement of 
the lemma makes sense and is easily proved for sheaves on X and Y. The result then follows 
using standard arguments for derived functors. □ 

2.6. If U is a smooth, open, dense subvariety of X, and L is a local system on U, then we 
denote the intersection complex, as in [1], middle perversity, by IC(X, L). It is a complex 
of sheaves in D b (X). It is shown in [8, Theorem 3.5] that IC defines a fully faithful functor 
from the category of local systems on U to D b (X). 
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Notice that if we start with a complex, A, on an open, dense subvariety of X with H P (A) = 
for p ^ 0, then we may construct a complex IC(X, A) as in [1, §2.2] starting with A. The 
complexes IC(X,A) and IC(X,H°(A)) are isomorphic in D b c (X). 

3. Specialization 

3.1. In this section we axiomatize a specialization argument that allows us to compute 
invariants in Borel- Moore homology. There are various schemes that allow one to use generic 
information to prove (co)-homological results about special fibres, or more generally closed 
subvarieties (see [7], [4], [15]). Our approach, which is based on an idea of Lusztig in [14] 
that was generalized by Borho and MacPherson [3], is to use intersection complexes of local 
systems on open, dense subvarieties of a variety, N, to obtain information about the Borel- 
Moore homology groups of a closed subvariety, No, of N. 

We start with what we call the "basic commutative diagram" of morphisms of complex, 
algebraic varieties consisting of cartesian squares: 

(3.1.1) 




Define 

H = £?7, Hr = £rVr, and fio = £ r] . 

We assume that this basic commutative diagram has the following properties: 

Dl The varieties M, P, and N are purely ci-dimensional. 

D2 The varieties M, P, and N r are rational homology manifolds. 

D3 The morphisms £ and /i are surjective, proper morphisms that are small (see [8, 
§6.2]) in the sense that for all r > 0, 

dim-0 G N | dim£ _1 (z) > r } < dimiV - 2r 

and 

dim{^ G iV | dim// _1 (z) > r } < dimiV - 2r. 

D4 The morphisms % M , i p , and i N are open embeddings. 
D5 The morphisms j M , j p , and j N are closed embeddings. 

D6 A finite group, E, acts on M r on the right so that N r = M r /E and fi r may be 

identified with the orbit map. 
D7 There is a subgroup, E', of E, so that P r = M r /E' and r/ r may be identified with the 

orbit map. 

Since 77 and £ are proper morphisms and the squares in the basic commutative diagram 
are cartesian, it follows that all the horizontal maps in the basic commutative diagram are 
proper morphisms and that /i, \i r , and /Iq are proper morphisms. Thus, if / is any of the 



morphisms in the basic commutative diagram except 
i M , i p , and i N are open embeddings, we have i* = v 



M 1 

i* 



or i , then Rf* = Rf\. Since 



and i* 



Finally, since 
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i] r , £ r , and fx r are finite covering maps, we have r\ r = r)*, £ r = £*, fj} r = //*, R(r) r )\ = (r) r )\, 

R(£r)\ — (£r)b and R(fJ> r )\ — (fJ>r)l- 

In this section we prove the following theorem. 

Theorem 3.1.2. The group E acts on H,(M ) and there is an isomorphism h' : H,(P ) = 
H,(M ) J] so that if Av: H,(M ) — > P.(M ) S is the averaging map, then the diagram 

H.(M ) — H.(P ) 




of graded vector spaces commutes. 

The idea of the argument is a standard one and is given in the next three subsections. In 
§3.2 we prove Proposition 3.2.1, the analog of Theorem 3.1.2 for local systems on M r , P r , 
and N r . In §3.3 we apply IC and use that £ and /i are small maps to identify the intersection 
complexes with higher direct images of constant sheaves. Thus we obtain a sheaf-theoretic 
version of Theorem 3.1.2 for complexes of sheaves in D^.(N). In §3.4 we complete the proof of 
the theorem by restricting to N , applying Ext^ o (Qtv , j' N ( • )), and showing that the induced 
map in Borel-Moore homology is (f]o)*- Since we are concerned not only with complexes of 
sheaves, but also the precise maps between them, most of the work involved is in keeping 
track of morphisms as we apply the various functors. 

Finally, in §3.5 we discuss a two variable version of Theorem 3.1.2. Here M, P, and N 
are replaced by M x M, P x Q, and N x N respectively, M and Pq are replaced by the 
fibred products Z = (M x M) Xn x n N and X = (P x Q) Xn x n N respectively, and j N 
is replaced by 5j N : N — > iV x N, where 5 is the diagonal map. In the application we are 
mainly interested in (see (5.1.2)), M x M = g xq, Z is the Steinberg variety of G, and X 
is the generalized Steinberg variety X r ' Q . 

As we have observed above, all the horizontal maps in the basic commutative diagram 
are proper, so direct image and direct image with proper support are the same functors for 
these maps. Direct image with proper support is better adapted to Borel-Moore homology, 
so the following argument is phrased in terms of direct image with proper support. 

3.2. First, /i r may be identified with the orbit map from M r to M r /S and so E acts as 
automorphisms on the local system (/J> r )\QM T on N r . Similarly, E' acts as automorphisms on 
the local system (rj r )\QM r on P r . 

Next, local systems on N r form an abelian category so we may consider the E'-invariants 
of the local system (fi r )\QM r - Let 

Av: (/i r ),Q Mr *(MiQ Mr f 

denote the projection onto the local system of E'-invariants given by averaging over E'. 

Finally, recall from §2.2 that a Vr : T]*Qp r — > Q^ r is the natural isomorphism. Since rf r = ry r , 
we may consider a Vr as a map from r)' r Qp r to Qm t and so we may apply S?" 1 to a" 1 and get 
a map from (r] r )\QM r to Qp r . Define 



Qp r by 7l . = $- 1 (a- 1 )=c*o(^ r ) l (a- 1 ). 
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The following proposition is easily proved either directly, or by using the correspondence 
between local systems and representations of fundamental groups. 

Proposition 3.2.1. There is an isomorphism h r : (£ r )iQp r = ((fi r )\QM r ) so that the dia- 
gram 

MiQM r &)iOp p 




((^)-QmJ e ' 

of local systems on N r commutes. 

3.3. In this subsection we prove the following proposition, the analog of Proposition 3.2.1 
for M, P, and N. 

Proposition 3.3.1. There is a map 7: RtjiQm — ► Qp and an isomorphism h: R£\Qp — > 
(R^Qm) 30 that the diagram 




(R^.Q M f 



of complexes in D b (N) commutes. 

We can apply the functor IC(7V, • ) to the diagram of local systems in Proposition 3.2.1 
and obtain a commutative triangle of complexes in D b (N). Since the functor IC(N, ■ ) takes 
its values in an abelian category of perverse sheaves on N and is an additive functor by 
construction, we may consider IC(N, • ) as an additive functor between abelian categories. 
It follows that £ acts on IC(iV, (/v^QmJ, that 

IC(N, ((fIrWM r f) = IC(N, (fIr)lQM r f', 

and that if Av is the averaging map, the diagram 

IC(N, MQ Mr ) IC(JV ' (grM7r)) > IC(N, (^iQpJ 




IC(N, (^),QmJ s ' 

of complexes in D b (N) commutes. 

Since £ and \x are small maps, it follows from the axioms characterizing intersection com- 
plexes (see [1, §4.13]) that IC(7V, (aOiQmJ and 1C{N, (£ r )iQ Pr ) are isomorphic in D b c (N) to 
the direct images R[J,\Qm an d R£,\Qp respectively. Moreover, since the E-action on R/i\Q M 
comes from transport of structure from (/x r )!QM r it follows that there are isomorphisms, ]I, 
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--1 



£, and h, so that if g — £ o IC(iV, (£ r )i(7r)) ° A*, then the diagram 

IC(JV,(e r ),(7r)) 



(3.3.2) 



IC(iV, (/i r ),QM r ) 



i?/i,Q 



M 



IC(N, (e).Qp r ) 
— RSiQp 



Av 



in D b c (N) commutes. We can apply the functor Ext^- (Qiv , J N ( • )) to the bottom triangle in 
(3.3.2) and obtain a commutative triangle of Ext-groups that are isomorphic to the Borel- 
Moore homology groups in the statement of Theorem 3.1.2. In order to show that the 
resulting horizontal map is indeed the direct image map in Borel-Moore homology induced 
by rjo, we need to choose the isomorphisms ~jl and £ appropriately and identify the map g in 
(3.3.2). This is accomplished in the next lemma and the following corollary. 

Since P is a purely d- dimensional, rational homology manifold, we have Dp = Qp[2d] in 
D b (P). We denote by v p a fixed isomorphism, v p : Dp — > Qp[2d] in D b c (P). 

Now i m B>m[— 2d] and i m Qm are in D b (M r ) and i l M (oc v ) °i l M ( r r( l 'p) ° A?) * s an isomorphism 
between them, so ^D M [— 2d] is in fact a local system on M r . Notice that r] l (u p ) : r/Dp[— 2d] — > 
?] ! Qp and a v : r]*Q P — > Q M , so the composition a v o rf-{v p ) is not defined. However, 



.i i 

• I 

V , 

M 



I .1 



.1 

M 



so the composition i M (a v ) o i' (rf(v p )) is defined. 

By [1, Lemma 4.11] there is a unique isomorphism of local systems on M that restricts 
to r M (a v ) o v M {rj-{i' p ) o The statement in [1] assumes that M is a manifold, but the 
argument applies when M is a variety that is a rational homology manifold. Denote this 
isomorphism by v^, so : D^[— 2d] — > Qm and 

(3- 3 - 3 ) = ^l/K) ° ^L(V(^p) ° A,)- 

Define 7 : RtjiQm -> Qp by 
7 = ^ P o S" 1 ^ o (^)-i) = p p o e " o i^(/3„ o (pj)- 1 ) = $- VK) ° A, ° K)" 1 )- 
Lemma 3.3.4. The diagram 

<' w fl6(7) 



(^r)!(Qi M )obc Mrilji 



(a* 



rj!VM r 



(Cr)l(7r) 



(Cr)!(a lp )obc 5r _ ip 
• (£r)-Qp r 



of complexes in D b (N r ) commutes. 

Proof. Since bc^j = (£r)i(bc r?ri j M ) o bc^ rtip , we need to show that 



(fr)i (<*i p ) °bc 5riip 0^^,(7) = (£ r ).(7 r ) o (Ai r ),(a iM ) o (£ r ).(bc^ ;iM ) o bc €r>i 
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Using the naturality of the base change morphism bc^ r:ip we see that it is enough to show 
that 

(tr)l(a ip ) O (Cr)\r p (l) = (fr)l(7r) ° M\(<*i M ) ° (fr)l ( hc VrA M ) ■ 

Since 7 r = e Vr o (r] r )\{a~^) it's enough to show that 

a ip o 4(7) = e Vr o (^(a" 1 o a im ) o bc^ M . 
Equivalently, it's enough to show that 

4(%> o bc-^ M = ar 1 o o (?*.), (a" 1 o a-J. 
Finally, rji M = i p r] r and so ®i M % = % r ®i P and hence ®i P % 1 = %!®i M - Therefore: 
4(7) ° bc~4 M = 4 ($ -\r}ly p ) o fl, o (z^ 1 )) o (it^)) 

= $ v (^(^Klo^o^j-V^,^)) (by 2.4.2) 

= $, p $- 1 (VK) ° P v o (v?)' 1 ° (by 2.4.3) 

= ***** M"*) ° A, ° ° = <^ J 

^^i^Wofto^)- 1 )) (by 2.4.2) 

= ^ 3.3.3) 

= K 1 (»i(<) ° < ° ( b y 2 - 2 - 2 ) 

= <°**M<°°0 (by 2.4.3) 

= a- 1 o c * o fo), (a" 1 o a V/ ) (by 2.4.1) 

This completes the proof of the lemma. □ 

Corollary 3.3.5. There are isomorphisms, 

/7: R^.Qm IC(N, (/i r ).Q Mr ) and £ : i^,Q P IC(7V, (^)iQp r ), 

so £/ia£ £/ie diagram 

R^.Qm — RO.Qp 



ii 



IC(iV, ( Mr ),Q Mp ) IC((grM>)) - IC(iY, (^.Qzv) 
o/ complexes in D^(N) commutes. 

Proof. We have already observed that since £ and /x are small maps, the direct images, R£\Qp 
and R/i\Qm are isomorphic in D h c (N) to IC(iV, £iQp r ) and IC(iV, /jiQmJ respectively. Thus, 
R£\Qp and R/j,\Qm are in the image of IC. It is shown in [8, Theorem 3.5] that on the 
image of IC, the composition IC(N, ■ ) o i* is naturally equivalent to the identity so there 
are isomorphisms, 

ic M : RwQ M -^lC{N,i l RiJnQ M ) and ic € : i^iQp IC(N, i l N R(£ r )\Qp r ), 
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in D(N) with «^.(ic M ) = id and i* N (ic^) = id. Since IC is fully faithful, it follows that the 
diagram 



RmQ 



«6(7) 



A/ 



ic f 



IC(^R€.(7)) 



IC(JV,i« i2(e r ),Qp P ) 



commutes. 

If we apply IC to the commutative diagram in the lemma we get a commutative diagram: 



lC(N,i ] N R^.Q M ) 

IC((Mr)!(a lM )obc Mr ,i M ) 

IC(N, MiQ Mr ) 



IC(i' i^,( 7 )) 

.IC(JV,<"i2(e r ),Qp P ) 



IC((€r)l(7r)) 



IC((?r).(^ p )obc Crilp ) 

IC(iV, (O-QpJ 



Therefore, if we define li = ^((/^.(a^obc^^Joic^ and £ = IC((f r )i(a! ip ) obc^ p ) oic 5 , 
the corollary follows. □ 

Since JJ: R/j,\Qm —* IC(iV, (/irjiQiifJ is an isomorphism, it follows that £ acts on Rli\Qm 
by transport of structure and that /Z induces an isomorphism between S'-invariants, say 
~p! ': (-R/UiQ M ) s ' — > IC(iV, (/i r )!QM r ) S ', which commutes with the respective averaging maps. 

Now consider the diagram: 



R^.Qm IC(N, ( Mr ) I Q Mp ) 

(R^.Qm)^' =; IC(N, ( fr )!Q Mr ) s ' 



IC(N, (^)-QpJ 



If ft, is defined by h — (/l') -1 o IC(/i r ) o £, then the diagram commutes. By Corollary 3.3.5, 
the composition across the top row is just R£,\{^) and so tracing around the outside of the 
diagram we see that h o R^\(j) = Av. This completes the proof of Proposition 3.3.1. 

3.4. In this subsection, we complete the proof of Theorem 3.1.2. 
Lemma 3.4.1. There are isomorphisms of graded vector spaces, 

J': H 2d ^.(Mo)-^*Exf No (Q No ,jlRt M Q M ) 

and 



J[ : if 2d _.(P ) — Exf No (® No ,f N Rt,Q P ) 
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so that the diagram 

H 2d -(M ) 



(vo)\ 



J' 



M) 



Av 



Ext' No (Q No , f N Rfi 




>H 2d _.(P ) 

Ext^Q^i^Qp) 



commutes. 



Assuming for a moment that the lemma has been proved, we complete the proof of The- 
orem 3.1.2 using the argument at the end of §3.3 as follows. 

Since J' is an isomorphism, E acts on H 2 d^,(Mo) by transport of structure and J' induces 
an isomorphism between E'-invariants, say J, which commutes with the respective averaging 
maps. 



Now consider the diagram 
H 2d -.(M ) 

Av 



J' 



E 1 



Av 



H 2d -.(M 



(4^!(7)) 6 



En 



U' N (h)h 



H 2d -.(P ) 

h' 



H 2d -.(M 



where 



E 1 = Exf No (Q No , f N RfiiQ M ), E 2 = Ext^CQjVo, J n ^.Qp), and 
E 3 = Ext' N{j (Q No ,j l N R^Q M f. 

If h' is defined by h' = (J) -1 o (f (h))$ o J(, then the diagram commutes. By Lemma 3.4.1, 
the composition across the top row is (r/o)* and so tracing around the outside of the diagram 
we see that h' o (770)* = Av. This proves Theorem 3.1.2. 
It remains to prove Lemma 3.4.1. 

First, we apply the functor Ext^ (Qjv , f ( ■ )) to the diagram in Proposition 3.3.1 and 
obtain a commutative triangle of graded vector spaces. Since the functor Ext' No (Q No , j n ( • )) 
restricted to the abelian category of perverse sheaves in which IC(N, ■ ) takes its values is an 
additive functor between abelian categories, it follows that E acts on Ext^- o (Qiv , j n R(J,\Qm), 
that 

Exf No (Q No ,j l N (R^Q M f) Ext;jQ W() , j^/iiQm) 2 ', 
and that if Av is the averaging map, the diagram of graded vector spaces 

Cr -R?!(7))tt 

Exf No (Q No ,f N R^Q M ) ^— Exf No (Q No ,f N RO.Qp) 



Av 



(j' N (h)h 



Exf N (Q No ,f N Rfi,Q M f 
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commutes. 

Next, recall that 7 = v p o e v o Rrj\(P v ° (z/ p ) _1 ), so using (2.4.1) we get 



v p o = 7 o R^{y P M ) : i?7 7! D M [-2d] 



2p- 



Applying f N R^ we get j^iKJo^,^ 1 ^)) = .7^,(7) ° J^K)- This shows 
that the diagram 

Ext^Q^, j^-BM[-2d]) Ext^ o (Q A r ,^i?^p[-2rf]) 



(i'R€.(7))a 



-Ext^Q^j^iQp) 



commutes. 

Finally, we show that there are isomorphisms 



and 



so that the diagram 



J: H_.(M )-^Ext' No (Q No ,j l N RtJi l B M ) 
Ji: //-.(P ) Ext^CQ^, j^,D P ) 



(3.4.2) 



Ext^ (Q Mo ,B Mo ) 



M 



(vo)* 



Ext^ (Qp ,D Po ) 



Ji 
.1 



(4^!(^ 1 (/3r,)))j 



Ext^Q^j^Dp) 



commutes. Once this has been done, set J' = {j N R^\{^))i ■/ and J[ = (f N R£\(v p ))$ o J\. 
Then J[ o (770) ! = (f N R£\(l))$ ^' an d so the diagram in the statement of Lemma 3.4.1 
commutes as claimed. 

Recall that since 770 is a proper map, it induces a map in Borel-Moore homology. If ^/ vo is 
the adjunction of the adjoint pair (t/q, (Rrjo)*), then (rjo)* is the composition, 

H_.(M ) = Ext^ o (Q Mo ,B Mo ) 

= Ext^ o (??*Qp ,0 Mo ) bya« o 

Ext P() (Q Po , i?M*m)M ) by 

Ext^ (Qp , i2(77o)i^) by (flfoMAJ),, 

-^Ext Po (Q Po ,Dp ) by (£•»)„ 

= ^-.(Po), 



so 



fab)* = (e"° RimWvo)^ * w «! () = *n(Pvoh **> <■ 
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Now consider the diagram 

E^t% o (Q No JlR^ M )^Ext' Po (Qp ,R(r) )^ Mo ) < Ext^ (Q Mo , D tfo ) 



(*) 



(**) 



(Vo)* 



Exf No (Q No , f N R$JD>p) — ^ Ext Po (Q Po , D Po ) 



where (*) = (j l N R^(^ n 1 (A,))) ^ (**) = ^(AJj, and (f) and (ft) are given by the compo- 
sitions 

Exf No (Q No ,f N R^3 M ) = Exf No (Q No , R(S )ri l p Rri<B M ) by (bc^-J^ 

- Ext' No (Q No , R(Co)Mvo)d ] M ^>M) by (R^Ubc^J) t 

Ext' No (Q No ,R(^R(Vo)0M o ) by (^o)*^).^ 1 )) 

= Ext Po (C Q No ,R(vo)^M ) by ^ 

Ext Po (Qp , j R(?7o)!Bmo) by (c^ 

and 

Ext^jQ^, j^^Dp) = Ext^ (Q^ , i2(eo)iJ>p) by (b %Jp ,) 8 

- Exf No (Q No ,R(£ ),B Po ) by (i^oM/^ 1 )^ 

^Ext Po (e o *Qiv ,Bp ) tytf" 1 
^Ext Po (Qp ,Dp ) by (a^ 1 )^ 

respectively, so 

(t) = «)» o o (i^oMM^ 1 ) o iZfoMbc^-j o bc 5()Jp ) a 

and 

(ft) = «)» o o o bc^^)^ . 

Assume for a moment that (**) o (f) = (ff ) o (*) and define 

J = (t)- 1 o ^ o a\ o : Ext; fo (Q Mo , D Ml) ) Exf No (Q No , f N Rfi,B M ) 

and 

Jx = (ft)" 1 : Extp (Qp ,Dp ) -Ext^Q^i^Bp). 

Then J and J\ are isomorphisms and 

■/i ° fob). = (tt) _1 ° fob). = UlRU^i^m o [(f)- 1 o o «;j = (^.(^(fl,))), o J 

so diagram (3.4.2) commutes as claimed. 

It remains to show that (**) o (f) = (ff) o (*). Suppose h is in Ext^ () (QAr , j n R[iMm)- 
Then 

((**) O (t))(ft) = ^(Ajo) o (R(JM>W£) o i?(e o )!(bc, ojM ) o bc CoJp o h) o ^ 
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= %! (R^oU^iPj o R(V0HP-*) o bc^-J o bc &J - p o fc) o a^, 1 . 
On the other hand, using the naturality of the base change bc^ 0jJ - we have 

((ft) O (*))(h) = (^O)-^- 1 ) O bc f() , p O f N Ra^\Pr,)) O h) O dg 

= ^ (*te>)i(/£ ° Ac^ 1 w)) ° bc ?o.p ° ° 

so it is enough to show that 

This last equality is easily proved by a computation similar to the computation in the proof 
of Lemma 3.3.4 using the definition of bc^j from §2.5; the identities (2.4.1), (2.4.2), and 
(2.4.3); the equality $ Jp $^ 1 = $~ 1 $_ 7 - ; and (2.2.2). We omit the details. This completes 
the proof of Lemma 3.4.1 and Theorem 3.1.2. 

3.5. /,From now on we denote r\ and £ by r] p and £ p respectively. 

In this subsection we consider the case when we have two factorizations of /x, \x = £, p oi] p = 
£Q q anc i ^he S p aces m and iV in the basic commutative diagram (3.1.1) are replaced 
by M x M and N x N respectively. So, suppose that Q is a purely d- dimensional, rational 
homology manifold and that in addition to the assumptions already made concerning the 
basic commutative diagram, the diagram 




satisfies conditions Dl, D2, D3, D4, and D7 with P replaced by Q and E' replaced by a 
possibly different subgroup, E", of E. 

Let 5: N — > N x N be the diagonal embedding. Then Sj N : N — > N x N is a closed 
embedding. Define X to be the fibred product (P x Q) x NxN N and define Z to be 
the fibred product (M x M) x NxN N . It follows immediately from the definition that a 
cartesian product of two small morphisms is again a small morphism. Therefore, modifying 
the notation as indicated, the diagram 



(3.5.1) 



no 



X 



M x M 



7] P X7]Q 



3X 

PxQ 



N x N 



M r x M r >■ P r x Q r >■ N r x N r 

satisfies conditions Dl - D7 in §3.1. 

We have the following corollary to Theorem 3.1.2. 
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Corollary 3.5.2. The group ExS acts on the local system (/i r x (Jr)\®M r xM r - This action 
induces an action o/ExE on R(fi x h)\Qmxm hence an action o/ExE on H,(Z) by 
functoriality and transport of structure via the isomorphism 

J': H.(Z) Ext^ o -(Q^ , f N 6 l R(fj, x ^Q MxM ). 

There is an isomorphism h' : H.(X) -> #.(Z) s ' xS " so that if Av: H.(Z) -> #.(Z) s ' xS " 

is the averaging map, then the diagram 

H.(Z) V - H.{X) 




H.(Zf^" 

of graded vector spaces commutes. 

4. Equivariance 

4.1. In this section we continue the analysis of diagram (3.5.1) and consider isomorphisms 
of graded vector spaces from [4, §8.6] 

H.{Z)-U^t' N ' Q (Q No J l N S ] R(n x ^iDmxm)— Ext^'(i?(/io) ! QM ,i?(^o)!QM ) 
where dimiV = 2n, J is as in §3.4, and K is defined below. Notice that 

End iYo ( J R(/io) ! QAf ) = Ext No (R(fio)iQMo,R(^o)\QM ) = H 4n (Z). 

Recall that dimM = dim A" = d and define I = codinijvAo = d — In. From now on, we 
assume that M and A are purely 2n-dimensional, rational, homology manifolds. We also 
assume that the fibred products X and Z in §3.5 are purely 2n-dimensional varieties. 

The graded vector space Ext^~*(i?(/io)!QMo? -^(/aOiQmo) is a graded Q-algebra and the 
composition K o J can be used to give H,(Z) a Q-algebra structure with H^Z) ■ Hj(Z) C 
Hi+j-An{Z). Since the multiplication in Ext^~' (R(fio)\QM , R(fJ>o)\QM ) 1S composition, we 
have 

ExtX-'(R(»o)i®M ,RMi®M ) = H.(zr. 

We saw in §3.3 that £ acts on Rfi\Q M - This action induces a degree-preserving ac- 
tion of E x E on Fjxt^~ 9 (R(fio)\QM , R((J>o)\Qm )- On the other hand, as in §3.5, £ x 
£ acts on R{ji x /i)\Qmxm- This action induces a degree-preserving £ x £-action on 
Ext^* (Q No ,j l J l R(n x aOiDmxm). 

In this section we show that the isomorphisms J and K are £ x £-equivariant. It then 
follows that if £ x £ acts on the group algebra Q£ in the usual way, then there are £ x £- 
equivariant, Q-algebra homomorphisms 

(4.1.1) Q£ End M) ( J R(/i ) ! QM ) H 4n (Z)°v. 

In §4.2 we describe the £ x £-action on Extj^~'(R(fj,o)\QM , R(ho)\Qm )- 111 §4-3 we 
describe the £ x £-action on Ext^* (®N ,f N d~'R(fi x /jl)\Bmxm) and observe that J is £ x £- 
equivariant. In §4.4 we define the map K, and in §4.5— §4.8 we show that K is £ x £- 
equivariant. 
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4.2. We first consider the E x S-action on Ext' No (R(fi )\Q Mo , R(^o)\Qm )- Returning to 
our original basic commutative diagram (3.1.1), £ acts on the direct image, (fJ> r )\QM r - This 
action induces a Q-algebra homomorphism 

L r : QS End Nr ((aOiQmJ ■ 

Applying IC and transporting the action via the isomorphism ~p : Rp,\Q M — > IC(N, (fJ> r )\QM r ) 
from Corollary 3.3.5 gives rise to a Q-algebra homomorphism 

L: QS End 7V (^ ! Q M ) 

with L{a) = Jl^ 1 o lC(L r (a)) o fx. 

Since L is a ring homomorphism, we get an action of S x E on EikIn^-R/^Qm) with 

(a,a')-f = L(a')ofoL(a- 1 ) 

for / in EndAr(-R/i!QM)- 

Clearly, if E x £ acts on QS by (cr, a') ■ x — o'xo~ x , then L is £ x S-equivariant. 

Let be*: j* N R^\ — > R([io)\j* M be as in §2.5. Then i2(// ) !(«,-) o be* is an isomorphism 
between j* N R^\Q.M and -R(/io)iQM - We define 

L : QS Endjv (^(^.Qmo) 

by 

L (cr) = i?(/x ) ! (a jM ) obc*oj* L(<r) o (be*) 1 o R^Xa^). 

Since Ext J No (R([io)\QM , R(ho)\Qm ) = Rom No (R(fM )\Q Mo , R(ho)\Qm [}}) is naturally an 
EndAr (-R(;Uo)!QMo)-bimodule, we may define an action of S x S on the graded vector space 
Exf No {R{fi WM ,R{fio)\QM )hj 

(a, a') ■ g = L (a') ogo L (o- _1 ) 

for a and o' in £ and g in Ext' No (R(fi )\QM , R(ho)\Qm )- 

4.3. Next we consider the £ x £-action on Ext^ o (Qat () , j^5 ! i?(/i x //)i1D>mxm)- Since M is 
a rational homology manifold, so is M x M and we denote by v MxM a fixed isomorphism, 

vmxm'- Dmxm - ► Qmxm[4c?]- 

As in §3.4 and §3.5, SxE acts as automorphisms on R(/i x /i)|Q MxM and we transport 
the group action on R(/ix /i)iQ MxM to an action on R(/ix fi)\3 MxM using R(/ix /i)i(% xM ). 
The group actions induce ring homomorphisms 

L 2 : Q(£ x £) *End NxN (R(pi x ^)iQmxm) 

and 

L' 2 : Q(£ x £) ^ End NxN (R(/i x //)iD M xm) 

where L 2 and L' 2 are related by 

O = ^(A* x aOiO'mxm) ° ^2(0-, o-') o i?(/i x n)\{v MxM ). 
Notice that L2 depends on the choice of the orientation vmxm- 

Applying Ext^- (Qjv , f N $K • )) to R(fi x fj)\B>MxM and using L' 2 we get an action of S x S 
on Ext^ o (Qjv , f N 5'R(n x fi)\B> MxM ) with 

(a, </)•/ = (J' S l L' 2 (a, a'Uf) = fjL' 2 (a, a') o f 
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for / in Exf No (Q No ,j N 5 l R(/2 x /i),E) MxM ). 

As in §3.4 and §3.5, the £ x S-action on Ext^ o (Qjv , f 5 l R(fj, x ii)\Qmxm) induces an 
action of £ x S on H,(Z) by transport of structure using the isomorphism 

J' = (j J [ R(n x /i),(% xM ))| o J: H 4d _.(Z) ExtJjQjv,,, j^^C/x x ^)\Qmxm)- 

It follows from the definitions that (j' N 5 l R(/i x /i)i(% X M))|i is E x S-equivariant. This 
proves the following proposition. 

Proposition 4.3.1. The isomorphism 

J: H.(Z) Ext N l(Q No , f N 5 l R(fi x //),D M xm) 

is E x T.-equivariant. 
4.4. Define 

mxm) >- Ext^ 4ri (-R(^o)!QM , -R(^o)'Qmo) 

to be the composition 
Exf No (Q No ,fjR(fi x m),D M xm) JiV<5(fc) '> Ext^ o (Q No ,j n 5-(R^B m ® R^m)) 

> Exf No {Qn ,jJ 1 ((R^Qm) v B R^Bm)) 



Ext^ (Q No ,j N 5 l (RHom(p*Rii,QM, q l Rfi\B M )) 
^ Ext^ o (QiVc^omO'^^QM,^^,©^)) 



Ext^ o {j* n R^.Qm,3 1 n R^m) 
Ext^ 4 ™ ( J R(/i ) ! QM , R(voWm ) 

where the notation is as follows: 

• k' : R(/jl x /ijiDMxM — ► R^J^m Kl i2//iD M is the Kiinneth isomorphism (recall that 
is proper). 

• c = R/ji\(dc^ °(Pu 1 )i)) ° </V : (R/^\Qm) V — ► R^J^m where dc^ is as in §2.1 and 
and M are as in §2.2. Notice that c is an isomorphism in D*(N), so j^fc -1 Kl 
makes sense. 

• A, nat«5, and can are as in §2. 

• a = R(fMi)\(oij M ) °bc*: j* N Rfi\Q M -> R(^o)\Qm (see §4.1). 

• 6 = R{ijlq)\{vm °bc ! : j l N Rfi\JD>M -> R(ho)\Qm where bc ! : j^-R/ii -> R(fi )\f M is 
as in §2.5, /3j is as in §2.2, and z/ M() : D M() — > QM [4n] is an isomorphism in I}* (Mo) 
(recall that Mo is a rational homology manifold). 

Since if is a composition of isomorphisms of graded vector spaces, it follows that K is an 
isomorphism of graded vector spaces that increases the grading by An. 

Theorem 4.4.1. The isomorphism 

K: Exf No (® No ,f N 8 l R(ti x ri,D MxM ) Ext'+ o 4n (R(fi ),Q Mo , R(im>Wm ) 
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is £ x T,-equivariant. 

To prove the theorem we show that f 6 [ (k')%, j^S^c -1 M id)$, can -1 o (nat^ o j^<5 ! (A))j, 
and (a -1 )" o are E x E-equivariant in §4.5, §4.6, §4.7, and §4.8 respectively. 

4.5. In the situation of §3.5 we have two factorizations of /i: fi = C, p r] p = £®rp . Let u p and 

i/J be two isomorphisms, D M ^ Qm[2<2]. Then i/£ K i/g : ro M E ro M -»■ Qm E Qm[4c2] is an 
isomorphism in D b c (M x M). The superscripts P and Q do not necessarily have anything to 
do with P and Q, but are convenient for distinguishing between the factors. 
Using the orientations u p and i/» we can define Q-algebra homomorphisms 

L' P :Q£ ^End JV (i?/i ! D M ) and £' Q :QE > End JV (i2^ ! D A f) 

by L' P (a) = P//,(i/^)- 1 oL((7)o J R// ! (i/^) and L' q ((t) = i^i/g^oL^oi^i/g) respectively. 
In the following, we always assume that z^mxm is chosen so that 

%xm = (A;")" 1 ° K B y Q M ) ° k' 

where 

k' : i2(/x x h){D M xm P/^Dm B i?/ii© M 

and 

fc" : x //).QmxM P/iiQM B %iQm 

are Kiinneth isomorphisms. 

The next lemma follows from the naturality of k'. 

Lemma 4.5.1. For a and a' in E, £/ie diagram 

R(H X /j),D M xM *- PjUiDm B i?/l!»M 



X /i).D MxM Rfi^M B i?/i!©M 

commutes. 

The lemma shows that if E x E acts on Ext^ o (Q No ,j n 5 1 (R/jl,J])m E RfiiB M )) by 

(a,a').f = (f N 5\L' P (a)ML' Q (a'))of, 
then ^^(fcOtt is E x E-equivariant. 

4.6. In this subsection we show that if E x E acts on Ext^ (Qat , j' N 5 l ((R[i\Qm) v ^ -R^iDm)) 
by 

then ^(^'(c -1 Kl is E x E-equivariant. In order to do this, it is enough to show that 
c: (R/j,\Qm) V —> R^iJ^m intertwines L(er _1 ) v and L' P (a) for cr in E. 

In the rest of this subsection, we denote v p and L' P simply by v M and L' respectively. 

It is shown in [1, Theorem 9.8] that the Verdier dual of the intersection complex of a 
local system is, up to a shift, the intersection complex of the dual local system. Also, in 
the equivalence between local systems and representations of the fundamental group, the 
dual of a local system corresponds to the contragredient representation and the direct image 
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of local systems corresponds to the induced representation. On the representation theory 
side, we are considering permutation representations, which are obviously equivalent to their 
contragredients, so it is natural to expect that for a in E, the Verdier dual of a, acting on 
(-R/!iQm) v , may be identified with a^ 1 acting on (R/i\Qm)- This is indeed the case and the 
next proposition gives the precise formulation we need. 

Proposition 4.6.1. If c = Rfx\(dc]^ ° M , then the diagram 

( J R/i,Q M ) V ^ - (R^.Qm) V 

c c 

R^B M — Rfi{B M 

L'(ct) 

of isomorphisms of complexes in D b c (N) commutes for every a m E. 
Proof. It follows from [1, Theorem 9.8] that there is a unique isomorphism, 
vd: IC(N, (/i r )!Q M J v [-2rf] -IC(7V, (( /Ur ) ! Q Mr ) v [-2rf]) 

with the property that i* N (vd) = (I3~ l )$ o natj^. 

Define v Mr = a iu o % M {v M ) o & m , so u Mr : D Mr -> QmA^oI] is an isomorphism. 
Now consider the "cube" 
(4.6.2) 

IC(N, (/i r ),Q Mr ) v [-2rf] IC(Lr( ^ 1)V) IC(iV, ( /Ur ) ! Q M J v [-2rf] 




where x = IC (OOiOv o dc M ^ o(fi^)^) o Mr ) o vd, y = Rfi\(u u ) o c, and M is as in §2.2. 
It follows from the definitions of y and V that it is enough to show that the front face 
commutes. We show that all faces besides the front face commute and so the front face must 
commute also. 
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The top and bottom faces of (4.6.2) commute by definition and the left and right faces 
are equal, so we need to show that the back face and the left face commute. 

To show that the left face of (4.6.2) commutes we need to show that the diagram 



(4.6.3) 



IC(7V, (fi r ),Q Mr ) V [-2d] - 

vd 

IC (iV,((/i r ) ! Q Mr ) v [-2rf]) 
IC (N, (vrW Mr [-2d}) - 

IC(0v).(dc M i)) 

IC (TV, (jj, r )\3 Mr [—2d]) - 
ic((^)-K /r )) 

IC(N, (/i r ),Q M J 



(RfiiQ M ) v [-2d] 

RMifa 1 )*) ^ 

R^.q y M [-2d] 

Rfi{B M [-2d\ 

Rp\iy M ) 



M 



commutes. 

For the rest of this proof, set be = bc Mr 
As in the proof of Corollary 3.3.5, since we have RmQ v M [-2d] = IC (N, (n r )iQ v Mr [-2d\) 
and Rfi<JB>M[—2d] = IC(N, (fj, r )\DM r [—2d\), there are isomorphisms, 



ri M 



and 



ic c : R^ M [-2d] IC (N, (pL r W Mr [-2d]) 



ic d : R^B M [-2d] IC (N, (/i r ),D Mr [-2d]) , 



in D(N) with i^(ic c ) = id and i* N (ic d ) = id. Define 

z = ic- 1 o IC(bc _1 o (/i r ),(nat^ o (& m ) b o afj), w = ic d l o IC(bc _1 o (^ r )i(A M )) 

and recall that JT 1 = ic^ 1 o IC(bc _1 o (/j, r )\(a~^)). 

Since all the complexes in (4.6.3) are in the image of IC, it is enough to show that (4.6.3) 
commutes after applying i* . 

First, it follows from the definition of v M and the naturality of be that 

C ° lG (M\{v Mr ))) = be" 1 o (Air)i(a^) o (fOiOv) 

= i* N Rw(v M ) ° bc_1 ° Mi(Pi M ) 
= i* N (Rm(v M )ow). 

Second, it follows from (2.2.1) applied to % M and the naturality of be that 

i* N (R^(dc^) oz)= i* N R^{dc- h }) o be" 1 o (/i r ),(nat^ o ($ m ) b o a\j 

= be" 1 o (nr)i(p iu odc M *) 

= <; (woica^Kdc^))). 
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Lastly, it follows from the naturality of nat ijv , natj , be, M , and Mr , Lemma 2.5, (2.2.2), 
and the equality i* N (vd) = (f3^)$ ° na U N that 

C (■ R A*i((^ 1 )«) °0m°/ iV ) =C (■ R ^i((^ 1 )») °</v) onat i iV ° _1 ((^r)!(«i M ) ok)" onat ijv 

= be" 1 o (/i r ),(nat-J o (& m ) b o ajj^ o o Mr o (/^ o nat Jiv 

= <; (zoica^K^-^o^jovd). 

Finally, consider the back face of diagram (4.6.2). It follows from the uniqueness of vd 
that vdoIC(L(<r _1 )) v = IC(L r ((7 _1 ) v ) o vd. Thus, to show that the back face commutes, it 
is enough to show that 

(A*r)lOV ° dC Mr °(^r)t) ° <t>»r ° = L r ((j) O (^)lOV ° ^m!- ^/^tt) ° <^V ■ 

In other words, we need to show that the diagram of local systems 



(4.6.4) 



((/ir)lQM r ) V [-2rf] 

(^) ! ((/3 f : r 1 )»)o0 Mr ^ 

(Mr)l(dc-^) 

(/i r ),D Mr [-2rf] 



L r (a) 



(MiQ Mr ) v [-2d\ 
(Mr)iQ5Cf r [-2d] 

(Mr) ! (dc M 1 r ) 

(/ji r )iB Mr [-2d\ 

>■ (/^)iQm, 



commutes. 

Using that ((/i r )iQM r ) v [— 2rf] is isomorphic to the dual local system, (((J> r )\®M r )* , and 
(/•OiQmJ - 2d] is isomorphic to (aOiQm,., since M r and iV r are rational homology manifolds, 
it is straightforward to show that for x in jV r , the diagram obtained from diagram (4.6.4) by 
taking the stalk at x commutes. It follows that diagram (4.6.4) commutes as desired. □ 

4.7. In this subsection we show that if E x £ acts on Ext^ o (j* -R/^Qm > T n R^J^m) by 
(a, </)•/ = f N L' Q (a') o / o f N L{a^) = foL^" 1 )* o ^ W«) (/), 

then can^ 1 o (nata, i^ ! (A))j is E x £-equivariant. 

Suppose a and a' are in E and / is in Ext^ o (Qat , j^5 ! ((-R/i!QM) v Kl_R/iiD M )). Then, 
setting u = L(a^ r ), v = L'q(g') and using nataj = nat, o j N (ndXs), Corollary 2.3.2, the 
naturality of nat Jjv , and Proposition 2.3.3 we have: 



can 1 o 



(nat^oj^'(A)) A(a,a')-f) 



can- 1 (nat^oji^Ao^i^o/) 
can -1 (natj^ o j l N (nats ° 5 l (\o (-u v So)))o/) 
can -1 (nat i]v o j n (u^ ov^o nat 5 o 5 ! (A)) o /) 

can_1 CC( M / °iiv( w )» ° nat ^ °ilv( nat <5 ° ^ ! ( A )) ° /) 

can_1 (OXH" ° ^( w )tt)«( nat ^ JV ° /)) 
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= f N {uf °3 N (v)t o can ^nat^ oj l J ] (X) o /) 
= (a, a ) ■ (can- 1 o (nat 5jjv o J^ ! (A)) fl (/)) . 



4.8. To complete the proof of Theorem 4.4.1 we need to show that 



Ext^ o (j* N Rtx,Q M ,j l N R^B> M ) {a * Ext^ 4 " (^(^iQmo, #(/V>!Qm ) 

is S x X-equivariant where SxE acts on the domain as in §4.7. For this, it is enough to 
show that 

b ° J'n^qW) ° / ° il 1 ^ 1 ) ° a_1 = ° b o / o gT 1 o L (o- _1 ) 

for (j and cr' in £ and / in Ext^ (j* N RfX\Q M , J n R^m) ■ 
Recall from §4.2 and §4.4 that a = R(fi )\(aj M ) o be* and 

Ma- 1 ) = R(jH>Ma jM ) obc* of N L{a- 1 ) o (i?(/i )-K M ) o be*)- 1 = «°j';^>^ 

Therefore, to show that (aT 1 )^ o is £ x S-equivariant, it is enough to show that b o 
f N L' Q (<j')=L (a')ob. 

Recall from §4.4 that b = -R(/io)i( z/ Mo ° P7 1 ) ° be, so we need to show that 

R(»o)i(vm o /£) o bc ! o fjR^)- 1 o L(a) o = 

R(tMi)i(cij u ) o be* oj* N L(a) o (be*)" 1 o R^^aJ^) o R{fi )i{u Mo o /JrJ) o bc ! 

for a in £. 

Setting z/ M = z/j, and using the naturality of bc ! , it follows that it is enough to show that 

3 N L (<?) ° i^T 1 ° R{^W m ^m) ° Pj M ° ^Mo ° a 3 M ) ° bc * = 

(be 1 )" 1 o R(ti )\(j M (is M ) o /3 Jm o is'l o a jM ) o bc* o j* N L(a). 

Set r = (bc ! ) -1 o i?(/i )i(j^(z/ M ) o /5j o v~^ o o a, ) o be*. Then r is an isomorphism in 
D b c (N ), r: j* N R[i\QM — ► J^-R/UiQmP/], where / = codiniAriVo = codim M M , and we need to 
show that 



(4.8.1) f N L(a)or = rof N L(a). 

We prove the following proposition in the Appendix. 
Proposition 4.8.2. There is a natural transformation, p>x : — > J^[2/], so that r = 

3 jv 

Given the truth of the proposition, it follows from the naturality of (Pn that j N (g) o r = 
roj* N (g) for g in End N (Rfi\Q M ) and so in particular (4.8.1) holds for a in E. This completes 
the proof of Theorem 4.4.1. 
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5. Generalized Steinberg Varieties 

5.1. In this section we apply the results of §3 and §4 to generalized Steinberg varieties. 

We start with the following incarnation of the basic commutative diagram (3.1.1) as in 
[3]: 



(5.1.1) 



AT 



J 7TP 



0rs 



*0 



■ M 



3m 



The notation is as follows: 

• G is a connected, reductive, complex algebraic group with Lie algebra g, Af is the 
cone of nilpotent elements in g, and g rs is the open subvariety of regular semisimple 
elements in g. 

• V is a conjugacy class of parabolic subgroups of G. 

• Q — {(x : B)EQxB\xe Lie(P) } where B is the variety of Borel subgroups of G 
and 5 P = {(i,P)G0xP|xG Lie(P) }. 

• The maps r$ are defined by rj?(x, B) = (x, P) where P is the unique subgroup in V 
that contains B. 

• The maps £f are projection on the first factor. 

• \x = £ v o r] v is the projection on the first factor. 

• 5rs = At _1 (0 rs ) = { (x, B) e g rs x B | x e Ue(B) } and gf s = (^)" 1 (g rs ) = { (x, P) G 
g £S x V | x e Lie(P) }. 

• N = n-\jsf) = { (x, B) e N x B | x e Lie(S) } and = (^) _1 (A^) = { (x, P) e 
M x V | x e Lie(P) }. 

In accordance with the notation above, we assume also that dimC7 = dimg = d, dim Af = 
2n, and I — d — 2n — codim g A/". 

It is shown in [3] that diagram (5.1.1) has properties Dl - D7 of the basic commutative 
diagram. For the convenience of the reader, we recall the group action involved in properties 
D6 and D7. 

Fix a maximal torus, T and a Borel subgroup, B, of G with T C B. Define t = Lie(T) 
and t reg = t n g rs , so t rcg is the set of regular semisimple elements in t. Let W = Ng{T)/T 
be the Weyl group of (G,T). Then W acts on t rcg x G/T on the right by (t,gT) ■ w = 
(Ad(w _1 )t, gwT) for w in W, t in g rs and g in G. It is well-known and easy to check that the 
rule (t,gT) i— > (Ad(g)t, gBg^ 1 ) defines an isomorphism of varieties t rcg x G/T = g rs and we 
use this isomorphism to transport the I^-action from t rcg x G/T to g rs . It is also well-known 
and easy to prove that the projection on the first factor, from g rs to g rs , is an orbit map for 
the right PF-action on g rs . Thus, diagram (5.1.1) has property D6. 

Next, let P be the subgroup in V with B C P and set W P = N P (T)/T, the Weyl group 
of P, so Wp is a subgroup of W. It is straightforward to check that rj v \g Ts is an orbit map 
for the action of Wp on g rs . Thus, diagram (5.1.1) has property D7. 
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If Q is a second conjugacy class of parabolic subgroups of G, then the two variable version 
of diagram (5.1.1), as in §3.5, is the following: 



(5.1.2) 



3z 



T) V XT) Q 



X 



5oj M 



0X0 




flrs X rs fj£ X fl« 0rs X rs 

Since (q x g) x 0X0 M = { ((x,B'), (x,B")) \ x e Lie(P') n Lie(P") }, we may identify Z 
with the Steinberg variety of G. Then j z : Z — > q x g by j z (x, B', B") = ((x, B'), (x, B")). 

Also, since (jf x g s ) x 0X0 A/" = { ((x, P'), (x, Q')) \ x E Lie(P') n Ue(Q') }, we may 
identify X with the generalized Steinberg variety X V ' Q from §1. Then j x : X^' 2 ->y xg s 

byj x (x,P',g') = ((^n,(^QO)- 

Applying Theorem 3.5.2 we have our first main result. 

Theorem 5.1.3. If H,(Z) is given the W x W -action induced from the W x W -action on 
(fXrs x /i r s)!Qg rs x0 rs ; then there is an isomorphism of vector spaces, H,(X V ' Q ) = H,(Z) WpxWq , 
so that the diagram 

H.(Z) H.{X V > Q ) 

Av 

H.(Z) w " xW Q 

commutes. 

5.2. Now we consider the special case of Theorem 5.1.3 when • = 2dimZ = An as in 
§4.1. Borho and MacPherson [2] have shown that the Q-algebra homomorphism, QW — > 
Endj^(R(fio)\Qj^) from §4.2 is an isomorphism. Therefore, from (4.1.1) we get the result 
originally proved by Kazhdan and Lusztig [12] and strengthened by Chriss and Ginzburg [4]. 

Theorem 5.2.1. IfWxW acts on QW by (w,w') ■ x = w'xw' 1 , then there are W x W - 
equivariant isomorphisms 

Q W End^(P(/i ),Q^) H 4n (Z)°P. 

Recall that ep denotes the primitive idempotent in QWp corresponding to the trivial rep- 
resentation of Wp. Since (QW) WpxWq = cqQWcp, the next corollary follows immediately 
from Theorems 5.1.3 and 5.2.1. 

Corollary 5.2.2. The W x W-equivariant isomorphism QW ^ H4 n (Z) op in Theorem 5.2.1 
induces an isomorphism between the subspace eqQWep of QW and H in (X v ' Q ) , the top 
Borel-Moore homology group of the generalized Steinberg variety, X V ' Q : 

QW ^H An (Z) op 

Av 

e Q QWe P H 4n (X^) 
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5.3. In this subsection, we use Corollary 5.2.2 to compute the action of a simple reflection 
in W on if 4n (Z). What we prove is the analog for H± n (Z) of the "easy" part of Hotta's 
transformations for the action of a simple reflection in the cohomology of a Springer fibre. 
Our argument is inspired by Hotta's argument in [10]. 

It is well-known that W indexes the G-orbits on B x B and that if Z w denotes the preimage 
of the orbit indexed by w in W under the projection of Z onto BxB given by the projection on 
the second and third factors, then the dimension of Z w is 2n and the irreducible components 
of Z are the closures of the Z w 's (see [18]). Thus, if [Z w ] denotes the canonical class of Z w 
in H 4n (Z), it follows that { [Z w ] | w G W } is a basis of H± n (Z). 

Recall that we have fixed a Borel subgroup, B, of G containing T. The choice of B 
determines a set of Coxeter generators of W and hence a length function and a partial order, 
the Bruhat order, on W . 

For the time being we fix a simple reflection, s, in W and let V s denote the conjugacy 
class of minimal parabolic subgroups of G determined by s. Then V s and B are conjugacy 
classes of parabolic subgroups of G and we may consider 77* : H^Z) — > H± n ( y X VaXB ). 

Let P s be the subgroup in V s that contains B. It is shown in [5, §3] that if w is in W, 
then dimr](Z w ) = dimZ w if and only if w is minimal in its (Wp a , W^-double coset. Since 
Wp 3 = { 1, s } and Wb = { 1 }, it follows that w is minimal in its double coset if and only 
if sw > w in the Bruhat order. Therefore, if sw < w we have r)*([Z^\) = 0. It follows that 
drinker?]* > \W\/2. 

On the other hand, by Corollary 5.2.2, we may identify 77* with the averaging map onto the 
set of Wp a x H^/3-invariants in QW. In this case, the averaging map from QW to (QW) Wps x Wb 
is x 1— > \{x + xs) and so its kernel is { x G QW \ xs = —x } and has dimension equal \W\/2. 
Therefore, the kernel of 77* is the subspace { c G H in (Z) \ s • c = — c} and it has dimension 
equal |W|/2. Since kerrj* contains the linearly independent set { [Z w ] \ sw < w }, it follows 
that { [Z w ] I sw < w } is a basis of ker 77*. This proves the following theorem. 

Theorem 5.3.1. If s is a simple reflection in W, then { [Z w ] \ sw < w } is a basis of the 
subspace { c G H^ n {Z) \ s ■ c = — c } of H^Z) . In particular, if w is in W and s is a simple 
reflection, then s ■ [Z w ] = — [Z w ] if and only if sw < w in the Bruhat order. 

5.4. We now turn to computing the top Borel-Moore homology group of the generalized 
Steinberg variety Y V,Q . Recall that we have fixed parabolic subgroups, PinV and Q in Q, 
with B C P n Q. Then 

Y V ' Q = { (x, P', Q') G N x V x Q I x G Ue{U P >) n Ue{U Q >) } C X P ' Q 

and 

Z v > Q = r ] -\Y v ' Q ). 

Thus, we have a cartesian square 

z v,Q -^-^ Z 



v 



V 



yV,Q s- X P > Q 

where the horizontal arrows are inclusions and rj is the restriction of 77 to Z V ' Q . 
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It follows from the definitions that rj is a fibre bundle with smooth fibres isomorphic to 
P/B x Q/B. 

Define W p '® to be the set of maximal length (Wp, W^-double coset representatives in 
W, so W P ' Q indexes the G-orbits on V x Q. 

It was shown in [5, §4] that if Y w denotes the preimage of the orbit indexed by w in W P,Q 
under the projection of Y P ' Q onto V x Q given by the projection on the second and third 
factors, then the dimension of Y w is dimV + dim Q and the irreducible components of Y P ' Q 
are the closures of the Y^s. 

It was also shown in [5, §4] that { Z w | w G W P,Q } is the set of irreducible components 
of Z V > Q . Clearly rj(Z w ) C Y w and so since rj is proper, Z w and Y w are irreducible, and the 
fibres r\ all have the same dimension, it follows that rj(Z w ) = Y w . 

Since rj is a fibre bundle with smooth fibres, if / = dim P/B + dimQ/B, then there is an 
inverse image map in Borel-Moore homology, rj* : H,(Y P ^) — > H, +2 f(Z p,Q -) (see [4, 8.3.31]). 

It is straightforward to check that if [Y w ] denotes the canonical class of Y w in H 4n - 2 f(Y v > Q ) ) 
then ?f (p^]) is a multiple of \ZJ[ (see [6]). Since dimH 4n _ 2f (Y v > Q ) = dimH An (Z p > Q ) it 
follows that rj* is injective. 

Next, Z V,Q is a closed subvariety of Z, so if j denotes the inclusion, there is a direct 
image map in Borel-Moore homology, j ; * : H,(Z P ' Q ) — > H.(Z). It follows immediately that 
_7*([Z TO ]) = for u? in W^ P > Q and that is injective. 

Combining the results in the last two paragraphs we have proven the next proposition. 

Proposition 5.4.1. The mapping rj*: H 4n ^2f(Y r,Q ) — > H in (Z v ' Q ) is an isomorphism of 
vector spaces and the mapping : H± n (Z v > Q ) — > H 4n (Z) is injective with image equal the 
span of { \ZJ\ | w G W P ' Q }. 

5.5. We identify the image of H An (Z v > Q ) with its image in H± n (Z). Then H An (Z v > Q ) is the 
span of { [ZJ\ | w G W P ' Q } in H An (Z) and H An (Z v ' Q ) ^ H 4n _ 2f (Y v ' Q ). Define H p ® to be 
the subspace of c in H in (Z) with the property that s • c = — c and c ■ t = — c for all simple 
reflections, s in Wp and t in W^q. It follows from Theorem 5.3.1 that H^ n (Z) C H p >® . 

Recall that ep and eg denote the primitive idempotents in Wp and Wq corresponding 
to the sign representations of W P and Wq respectively. Then dimeQQWe P = | VF jP ' (3 1 and 
eQQWep is the set of all x in QW with the property that sx = —x and xt = —x for all 
simple reflections, s in Wq, and t in Wp. It follows from Theorem 5.2.1 that under the 
isomorphism QW ^ H± n (Z) op , the subspace H P, Q is the image of eQQWep. Therefore, 
dimH p '® = \W P '®\ and hence H p '® = H^ n (Z p,Q ). This proves the following theorem. 

Theorem 5.5.1. The W x W -equivariant isomorphism QW —> H4 n (Z) op in Theorem 5.2.1 
induces an isomorphism between the subspace eQQWep of QW and H± n ^ 2 f(Y v,Q -) , the top 
Borel-Moore homology group of the generalized Steinberg variety, Y P,Q , 

e Q QWe P H 4n _ 2f (Y p >2) 

QW — H An (zyv 



where the left vertical arrow is inclusion. 
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A.l. In this appendix we change notation slightly from §2.4. For a morphism, £ : X — > Y, 
of complex, algebraic varieties, the units of the adjoint pairs (£*,£*) and are denoted 

by 77! and 77^ respectively. Similarly, the counits are denoted by e| and respectively. 

Suppose £: X — > F is a morphism between complex, algebraic varieties that are ra- 
tional homology manifolds. For a fixed choice of isomorphisms vx '■ Ox — * Qx [2 dim X] 
and v Y : Oy —> Q Y [2 dim F] there is a natural transformation pfc : £* — * £ ! [2/] where / = 
dimF — dimX. For a complex A in Z?£(Y), = p A is defined to be the composition 



<8>fM 



0Je®id , Ve , , 

— — - eQx ® r^pz] — ^ (e ! Qx 



£ ! (Qx® A) [2/] 



e ! (^ ! Qx®A)[2/] 

where the notation is as follows: 

• mi : Qx <S> -B — > -B is the natural isomorphism for B in D(X). 



?A)[2t\- 



£ ! A[2/] 



^ = f'M Pa 



!>x — * £'Qy[2Z], so cj^ is an isomorphism in D h c {X). 



• rj£ and are as above. 

• For B in D b (X) and C in £> b (Y), pr^: R^B ®C B£\{B® is the projection 
isomorphism. 

Notice that p^ is a natural transformation since each map in the definition of p A is natural 
in A. 

Now consider a cartesian square 
(A.1.1) Mo-^Xo 



M 
M 



X 



satisfying the following conditions: 

CI The spaces are all complex, algebraic varieties that are rational homology manifolds. 
C2 The maps are all proper morphisms. 
C3 j M an d j N are closed embeddings. 

C4 dim M = dim X = 2n, dim M = dim X = d, and I = d - 2n. 
For a cartesian square as in (A.1.1), we have base change isomorphisms 



be*: M/i, 



and bc ! : ] N Rp 



M 



defined as in §2.5. 

We prove the following lemmas in the next two subsections. 

Lemma A. 1.2. If X and Y are complex, algebraic varieties that are rational homology 
manifolds and £: X Y is a proper morphism, then pi = o a^. 
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Lemma A. 1.3. If u Ma is chosen appropriately, then in the cartesian square (A. 1.1) the 
morphisms p J Q M and P^,q m are related by 

Recall from §4.8 that in the setting of (A. 1.1) we have r: j^-R/^Qm — » J^-R/^Qm [2£], by 
r = (be 1 )- 1 o R{^)\{j M {y M ) o P jM o is'l o a hi ) o be* 

where v M : D M — * Qm[2gT| and z/m : ©Mo — * Qm [4«] are isomorphisms in D b (M) and 
D^(M ) respectively. 

Assuming Lemmas A. 1.2 and A. 1.3 have been proved we have: 

(bc ! )- 1 o J R(^ ) ! (p^)obc* 

= (be 1 )" 1 o R(no)i(u jM o aj J o be* 

= (be 1 )" 1 o R(Lio)\(j M (v M ) ° Pj M ° Vm ° <*j M ) o be* 



Jn 



This proves Proposition 4.8.2. 

A. 2. In this subsection we prove Lemma A. 1.2. Before doing so, we need some preliminary 
results. 

If A is in D b c (X) we denote the canonical isomorphisms Qx <S> A A and A ® Qx A 
by mi and mi respectively. When A = Qx we set m — m\ = m 2 . 

The proof of the next lemma is a straightforward computation using stalks and is omitted. 

Lemma A. 2.1. Suppose A and B are in D b c {X) and pa- A — > Qx and p B : B — > Qx are 

too morphisms in D b c {X). Then the diagrams 



P r 5 



i^,(id<g>a s ) and 



i^.(m 2 ) 



i?ei(^®Qx) 




commute. 

Let naif : <g> 5) £*A ® £*5 denote the canonical isomorphism in D b (X). 
Lemma A. 2. 2. The diagram 



iWQy^TQy) 
^>(£ ! Qy ®Qx) 

*^ 1 (m 2 ) 
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commutes. 

Proof. Using the definition of 1 we have 

$^" 1 (m 2 ) o R^\(id <g> a^) o pr^ = o _R£i(m 2 ) ° R£\(id ® a^) o pr^. 
Also, using the naturality of we have m o (e^ <E> id) = e[om 2 , so it is enough to show that 
(A. 2. 3) m 2 = -R£i(m 2 ) o R£\(id £g> ctg) o pr^. 

Since £ is proper, we have pr^ = ^((e| <E> id) o nat®). 

The proof of (A. 2. 3) is a straightforward computation using the formula for pr^ and Lemma 
A.2.2. We omit the details. □ 

We can now complete the proof of Lemma A. 1.2. Recall that 

P(}y = £ ! ( mi ° 4 ° P 1 ^ 1 ) ° v\° ® id) ° itt-i 1 = ^(mi ot[o pr^ 1 ) o (cj^ (g) id) o 1 , 
so to prove the lemma, we need to show that 

$^(mi ot|o pr^ 1 ) = ^ o o m! o (cj^ 1 ® id). 

Taking A = £ ! Qy[2/], = ^T 1 , -B = £*Qy, and p B = in Lemma A. 2.1 we get 

o mi o ©(cj^ 1 ® id) = cj^ 1 o m 2 o (id ® a^), 

so it is enough to show that $^(mi o o pr^" 1 ) = m 2 o (id ® a^). This last equality follows 
immediately from Lemma A.2.2. This completes the proof of Lemma A. 1.2. 

A. 3. In this subsection we prove Lemma A. 1.3. 

The proof is accomplished by showing that the diagrams (A. 3.1) and (A. 3. 2) below are 
commutative. Then juxtaposing these diagrams and tracing around the outside gives the 
desired result. 

It is easy to see that any unlabeled regions of diagrams (A. 3.1) and (A. 3. 2) commute. The 
commutativity of the labeled regions is shown in the corresponding statements below. 

To make the diagrams as clear as possible, we need to simplify the notation. First, for 
a morphism, £ : X — > Y, we denote the derived functors and simply by and £i 
respectively. Second, we denote j N simply by j. Third, we label the maps in the diagrams 
using only the core maps or natural transformations involved. For example, we write a Mo 
instead of (fi )\(a^ <E> id) and be* instead of fj\(id ® be*). 

If £ : X — > Y, and A and B are complexes, then 

pr 1 : B-=^£\(A®£*B) and pr 2 : A <g> $B — - £\{£*A <g> B). 

With this notation we have = £ ! (mx o (e^ ® id) o (pr|) _1 ) orj'^o (cj^ ® id) o m^ 1 . 

Notice that if £ is proper, then pr| = *^((e^ <g) id) o nat®) and pr| = ^ ? ((id ® e|) o nat®). 
For a cartesian square as in (A. 1.1) we have a base change isomorphism, 

be: p*RU n )\—-+ R (3m)\^ 

defined by be = ^ M (//*,(e*J). Define a: fi* j N -> j^/i* by a = \(^(4j obc Then a 
is a natural transformation. 



> 

CO 

to 




Mif M U M )\U 



pr 



EM 



IM 



IM, 



mi 



IM 



tM 



IM 
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The regions labeled (A.2.1)x and (A.2.1) 2 commute using the analog of the first rectangle 
in Lemma A. 2.1 with mi instead of m 2 , taking A = y Q M and A = Q M respectively. 



Lemma A. 3. 3. The mapping <j<q n : fJ-oj 1 Qn —> f M H*QN is an isomorphism in D b c {Mo). 
Proof. We have 



Since j M is a closed embedding, is an isomorphism, so it is enough to show that 

^M^*( e L) : J'M^U^dlQN — ► 3 m V*Qn is an isomorphism. Since M and N are purely 
d-dimensional, rational homology manifolds and M and N are purely 2n-dimensional, ra- 
tional homology manifolds, it follows that f fJ-*(j N )\f Qn an d J^A^Qtv are both isomorphic 
to Qm [— 2i]. It follows that J^A t *(4 Ar ) * s an isomorphism. □ 

Since oq^ is an isomorphism, the composition 

PJu ° ?m ( v m oa^oao fitfu^) o o^ 1 : Q Mo D Mo [~M 

is an isomorphism, so we may choose vm so that 

v m = ^ ° 3'm( u m ° a n) ° a Q N ° ^o(^) ° a; 1 - 

It then follows that 

( A - 3 - 4 ) ^ M ° «M = iK) ° ^Qiv ° MoK^)- 

As in §2.5, (be 1 )- 1 : {^)j M - j> by (be 1 )- 1 = ^J^J). Thus, using (2.4.2) we 
have 

(be 1 )- 1 o (toWjJ = ®j N Mej M )) ° (tM>Wj M ) 

Therefore, 

(A.3.5) h c°Vj N =M\(Vj M )■ 
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Lemma A. 3. 6. The diagram 
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R{3 N )\3 N A®R^B 



pr 



3 N 



R(j N )i(f N A®r N R^B) 



' N J N 

R(j N )\(id®bc*) 



RfH (pt*R(j N ),j l N A®B) 

Rfii (bc(8>id) 

Rnx {R{j M )^l? N A®B) 



R(j N )i{f N A® R Md* M B) 

RU N )< (K ) 
~R(j N /,o)i{n* J N A®f M B) 



commutes for A in D b (N) and B in D b (M). 

Proof. First, using the formulas for prj^ and pr^ and the analogs of equation (2.4.2) for tyj N 
and ^ we see that it is enough to show that 

^ (pr} M o (be ® e*^) o nat®) = *j N (prj o (^ ® be*) o nat® ) . 

Next, using the formulas for pr]^ and pr^ o and the analogs of equation (2.4.2) for $ Ji( 
and we see that it is enough to show that 

= ((^ ® So) ° n <o °^S((^ ® be*) ° nat® 



Now using that ^f^ g — ^f g an d the naturality of nat®^ and nat® , we see that it is 
enough to show that 

(e* M ® id) o ® onatf M o£(nat°) 

= ® e*J o (^( e ^) <g> /i*(bc*)) o nat® o/i*(nat® ). 
Since nat® 0(7* (nat®) = nat/ g , we only need to show that 

e L 3u M = m N ) and 4 = <o ^(bc*) 
which is the same as 

These last two equations follow immediately from the definitions be = (^oi 6 ^)) and 
be* = ^ (j;(e*)) above. □ 

Since (£) = r (£) o 77;- , using the naturality of e 1 ,- and the fact that e\ o 77;- = -id, 
we have 



4 M UM*) be = e- M o (jj, (i(//*(e ijv ) o be ')) o ^ o be 



(A.3.7) 



— 1 



= u*(tj ) o be of. o ry; o be 

r y J N' Jm 'JM 
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